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Introduction 

Sturm theory for second order differential equations was generalized to systems and higher order equa- 
tions with positive leading coefficient by several authors. (See for instance [1], [2] and [6] among the others). 
Here we propose a Sturm oscillation theorem for indefinite systems with Dirichlet boundary conditions of 
the form 

d 2m v d 2m ~ 2 v dv 

(0.1) 1(X,D)V 1= P2m-^ + P2m-2(X) dx2m _ 2 + " " ' + Pl(x) — + P0 (x)v = 0, 

where pi is a smooth path of matrices on the complex n-dimensional vector space C n , P2m is the symmetry 
of the form diag (I n - V , —I v ) for some v > 0. This generalization was obtained along the lines of [4] and [5] 
in which the second order equations were considered. Full proofs and the relation with Maslov index will 
appear elsewhere. 

1. Variational set up and main results 

We will use the variational approach to (0.1) as described in [2] and we will stick to the notations of that 
paper. Given the complex n-dimensional Hermitian space (C™, (•, •)), for any m £ N let Jf m := H m (J, C n ) 
be the Sobolev space of all i/ m -maps from J := [0, 1] into C n . 

A derivative dependent Hermitian form is the form = ~}2™j =0 {D l u(x),u)ij(x)D : ' u(x)) , where, each 

Ui t j is a smooth path of ^-dependent Hermitian matrices with constant leading coefficient oj m , m := p2 m 
and such that Wj^m-i-i = for each i = 0, ...,m. Each derivative dependent Hermitian form, defines 
a Hermitian form q: .Jf m -» R by setting q(u) := fj to(x)[u]dx. If v 6 Jf m and u £ ,ff 2m then, using 
integration by parts, the corresponding sesquilinear form q(u, v) can be written as 

(1.1) q(u,v) — J (v(x), l(x, D)u(x))dx + <f)(u, v), 

where l(x,D) is a differential operator of the form of (0.1) and <j>(u,v) is a bilinear form depending only 
on the (m — l)-jet, j m ~ 1 v(x) := (v(x),. . . ,v^ m ~^(x)) and on the (2m - l)-jet j 2m u(x) at the boundary 
x = 0, 1. 

Let Jfo™ := Jf m (J) ■= {" £ ^ m ■ j m ~M0) = = j m ~ 1 u(l)} and let qn be the restriction of the 
Hermitian form q to JiffJ™. For each A € J, let us consider the space J^, m ([0, A]) with the form f. Q A , Q(x)dx. 
Via the substitution x \x, we transfer this form to ^o m (J), so, we come to the forms il\ and q\ defined 
respectively by 



(1.2) n x (x)[u] := {D l u{x),\ 2m - {l+3) iu l , J {Xx)D j u{x)) and we let q x (u) := fl x (x)[u}dx. 

i,j=0 Jj 



Then A q x is a smooth path of Hermitian forms acting on .^q" 1 with qi = qn and with qo(u) = 
Jj{p2mD m u, D m u)dx. Now we introduce the following definition. 

Definition 1.1. A conjugate instant for qn is any point A £ (0, 1] such that kergA ^ {0}. 

Let C x be the path of bounded selfadjoint Fredholm operators associated to q x via the Riesz representation 
theorem. 

Lemma 1.2. The Hermitian form qo is non-degenerate. Moreover each q x is a Fredholm Hermitian form, 
(i.e. C x is a Fredholm operator). In particular dimkergA < +oo and q x is non degenerate if and only if 
kerg A = {0}. 
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Proof. That the operator Co is an isomorphism can be proven exactly as in [4, Proposition 3.1]. On the 
other hand each q\ is a weakly continuous perturbation of go since it differs from go only by derivatives of 
u of order less than m. Therefore C\ — Co is compact for all A G J and hence C\ is Fredholm of index 0. 
The last assertion follows from this. □ 
When the form gn is non degenerate, i.e. when 1 is not a conjugate instant, we introduce the following 
definition. 

Definition 1.3. The (regularized) Morse index of qn is defined by 
(1.3) MMor(gn) := si{q\, J), 

where sf denotes the spectral flow of the path q\ i.e., the number of positive eigenvalues of C\ at A = 
which become negative at A = 1 minus the number of negative eigenvalues of C\ which become positive. 
(See, for instance [4], for a more detailed exposition) . 

Now we define the conjugate index. By (1.1) q(u, v) — Jj{v(x), l(x, D)u{x))dx for u G Mq" 1 and v G J^f™ 
and therefore elements of the kernel of q\ are weak solutions of the Dirichlet boundary value problem 

l(x,D)u = 

3 m - 1 u(0) = Q = j m - 1 u(l). 

Let G = {z := A + is € C : < A < 1, — 1 < s < 1}. For each z G G let us consider the closed unbounded 
Fredholm operator A z on L 2 {J,C ) with domain &{A Z ) = {u G Jf 2m : j m ^u{Q) = = j m ~Ml)} 
defined by A z u := l\(x,D)u + isu. Since A z = A z , it follows that A z has a continuous inverse for 
s = / 0. Let us consider the splitting C 2mn := (C n ) m x (C n ) m . For each w = (wi, . . . , w m ) G (C n ) m , 
let u z (w, x) be the unique solution of the Cauchy problem 

l(x, D)u + isu = 

u(0) =m'(0) = ...u" 1 - 1 ^) =0, u m (0) =wi,...,u 2m - 1 (0) = Wm, 

and let ^ z : C nm ->■ C nm be the endomorphism defined by SZ z (w) := j m - l {u z {w, 1)). Clearly w G ker A z 
if and only if (u m (0), . . . ,M 2m_1 (0)) G kcrM z . From this and by using regularity of the weak solutions, we 
get that the following three statements are equivalent: 

(i) ker A z / {0}; (ii) Ss(z) = and A = ^St(z) is a conjugate instant; (iii) det S% z = 0. Because of these 
three equivalent statements, the function p(z) := detM z does not vanishes on the boundary dG. 

Definition 1.4. The conjugate index /x C on(?n), of qn is minus the winding number of p\gci —> C — {0} or 
equivalently minus the Brouwer degree, i. e. — deg(p, G, 0) . 

With this said our main results are 

Theorem 1. (Generalized Sturm Oscillation theorem). With the notation above, we have 

Mcon(gn) = MMor(gn). 

Theorem 2. (Generalized Sturm comparison theorem). 7/f2o,^i are two derivative dependent Hermitian 
forms with Qo[u](x) < Qi[u](x) for all x G J, then we have 

AtMor(gn ) < A t Mor(gfii). 
2. Proofs 

Proof, (of Theorem 1). We split the proof of this result into some steps. 

First step. Notice that the family A z has the form A + B z where A is a fixed unbounded closed operator 
and B z is an ^4-bounded perturbation of A depending on z and that the operator valued one- form dA z A z x 
is well-defined on dG. Exactly as in Proposition 4.4 in [4] one proves the following Lemma. 

Lemma 2.1. The form dA z A z x takes values in operators of the trace class and 

(2.1) /ion ten) = f TrdA z A z \ 

2tt« Jee 

Let us assume now that the path {Ax}xeJ has only regular crossing points with the variety of singular 
operators. This means that the quadratic form T(A, A) given by the restriction to the kernel of A\ of (A'y, ■) 
is nondegenerate. Since regular crossing points are isolated, there are only finite number of them. In what 
follows we will show that if Qlj is a small enough neighborhood of a crossing point Aj G G, then 

(2.2) -L f TrdA.A- 1 = signr(A,A 3 ). 

For a fixed j, choose a positive number p > such that the only point in the spectrum of A\ j in the 
interval [— p, p] is and then choose n small enough such that neither p nor — p lies in the spectrum of Ax 
for | A — Aj | < rj. For such a A, let Pa be the orthogonal projection in H onto the spectral subspace associated 
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to the part of the spectrum of A\ lying in the interval [— fi,fi\. Then A\P\ — P\A\ on the domain of A\. By 
[3, Chapter II, Section 6] there exist a smooth path U of unitary operators of H defined in [Xj — r),Aj + ri], 
such that U\ j = I&h and such that P\U\ = UxPx^ Let us consider the smooth operator valued function 
N z = If' 1 A Z U X defined on some open neighborhood of S>j — [Xj — n, Xj + r/] x [—1, 1] together with the 
differential one-form 8 = dN z iV" 1 . Clearly 8 is in the trace class and TrdA z A^ 1 — Tr dN z iV" 1 . 
Second step. If Hj = ImP^., = ker A\ 6 , under the splitting H = Hj © Hf , the one-form 9 splits into 
8 — dN z N z 1 \n j and 8± = dNzN^ 1 \ H ±. Thus by taking traces we have 

2?ri f dSj Tr6> 2m f g3>] Tt9 " + 2ni f 9@ . 
where the last term in (2.3) vanishes. 

In fact, N Z \ H ± is invertible on G and hence the one form 8\ is exact. Now, let us consider the path of 

j 

symmetric endomorphisms M : [Xj — rj, Xj +-q] — > Jif(Hj) given by Ma = N\\H r By elementary calculations 
it follows that signr(M A , Xj) = signT^, Xj). 

Third step. If M is the path defined above and if M z — M\ + isld, for z £ 2#j, then 

signr(M,A,) = / Tr dM z M~ x . 

Using [3, Chapter II, Theorem 6.8], one reduces M\ to a diagonal form and the result follows by direct 
integration. This together with (2.3) proves (2.2). 

Fourth step. Using regularity it is easy to see that any regular crossing point for the path A is also a 
regular crossing point for the path q i.e., the crossing form defined as the restriction T{q, X) of q\ to ker q\ is 
non-degenerate. Moreover the crossing forms T(A, X) and T(q, X) coincide. Since for path with only regular 
crossings the spectral flow is given by the sum of the signatures of the crossing forms it follows from Lemma 
2.1 and formula (2.2) that theorem 1 holds for paths with only regular crossings. In order to conclude 
remains to show that it is possible to extend the above calculation to general paths having only regular 
crossings. To do so we will apply a perturbation argument of Robbin and Salamon to the path of operators 
obtained by the restriction of the family A z to the real line. By Theorem 4.22 in [7], we can find a S > 
such that A s x := A\ + Sid is a path of self-adjoint Fredholm operators with only regular crossing points. Let 
&l be the matrix associated to the perturbed family A s z and let p S (z) := det £% & z . Taking closed disjoint 
neighborhoods @>j of (Aj,0) in 6 and summing over all crossing points, we obtain 

ticon(qn) = -Vdeg(p*,^,0) = / TrdAf(Af)- 1 = -^signr(A,A J ) = -sf(g A ,J) 

i = l i = l ^ Jd3, 3 3 = 1 

by the homotopy invariance of the spectral flow. Now Theorem 1 is proved. □ 

Proof, of Theorem 2. Since the top order terms coincide, the difference between the two Fredholm Hermitian 
forms q 1 and q 2 is weakly semi-continuous. Thus in order to conclude it is enough to show that if q 1 and q 2 
are two admissible families of Fredholm Hermitian forms on JH^J 11 whose difference is weakly semi-continuous 
and such that qg — q 2 ,, q\ < gj, then si(q 2 ) < si(q 1 ). The rest of the proof is devoted to show this. 

It is easy to see that there exists a small n > such that q\ = q\ + Xr]\\ ■ \ \ 2 is a family of Fredholm 
Hermitian forms that is homotopic to q 1 by [t, X) — > q\ + tXn\\ ■ || 2 and therefore sf(g 1 ) = sf(g 1 ). But now 
qo — q 2 and q\ < q\ . Given the family of Fredholm Hermitian forms defined on T by cj>(s, X) — sq\ + ( 1 — s)qf 
and by using the free homotopy property of the spectral flow for closed paths, it follows that the restriction 
of (f> to dT has spectral flow zero. Furthermore, sf((f 1 ) — sf(g 2 ) = sf(p), where p(s) = (1 — s)q\ + sq\. 
Since p — q\ — q\ is positive definite at each crossing point, all crossing points are regular, and each gives 
a positive contribute dimker p(s) to the spectral flow of p. Thus sf(p) > and hence sf(q ) < sf(q ). □ 
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